Charged particles with spin in a gravitational wave 
and a uniform magnetic field 

Morteza Mohseni* 

Physics Department, Payame Noor University, Tehran 19395-4697, Iran 

February 7, 2008 

Abstract 

We study the motion of a pseudo-classical charged particle with spin in the space-time of a 
gravitational pp wave in the presence of a uniform magnetic field. 

Keywords: charged spinning particles; Dixon-Souriau equations. 
PACS: 04.20.-q; 04.25.-g; 04.30.Nk 

1 Introduction 

The theory of (pseudo)-classical charged spinning particles in curved space-time in the presence of 
electromagnetic fields has been a topic of interest in recent decades. The equations governing the 
motion of these particles was obtained by dixon ^ |2] and Souriau |3] by generahzing the equations 
first obtained by Papapetrou 0] to describe spinning test particles. These consist of a set of equations 
of motion for the four-momentum and spin tensor of the particle, and a third set of equations called 
the supplementary equations needed to make the equations of motion complete. An extension of these 
equations to the case where torsion fields are also included was obtained in Refs. W and [H]. An 
alternative set of equations was obtained by van Holten j2| . The Dixon-Souriau equations reduce to the 
van Holten equations whenever the particle's four-momentum and four-velocity become co-linear. It has 
also been shown that the Dixon-Souriau equations reduce to the well known Bargmann-Michel-Telegdi 
equations in the limit of the weak and homogeneous external field |H] . 

The Dixon-Souriau equations was used in Ref. [HI to study the motion of charged spinning particles 
in a Kerr-Newman background in the presence of electromagnetic fields. These equations was also 
applied to the case of motion in a Reissner-Nordstrom space-time in Ref. JOI (and also in Ref. 
with a different supplementary equation) . A linearized version of the Dixon-Souriau equations was used 
in Ref. to study charged spinning particles interacting with a gravitational wave in the presence of 
a uniform magnetic field (see also JS))- The equations of Ref. (J was used in Ref. to study the 
motion of a charged spinning particle in the Schwarzschild space-time, in Ref. JHI to study the motion 
in the Reissner-Nordstrom space-time, in Ref. to study the motion in the Taub-Nut space-time, 
and in Ref. J7] to study the motion in a uniform magnetic field on a static space-time. 

The aim of the present work is to study the motion of a charged spinning test particles, in the space- 
time of a gravitational pp wave in the presence of a uniform magnetic field. This is motivated by the 
current interests in the dynamics of spinning particles in curved space-times and its possible application 
to the problem of the detection of gravitational waves ^Hl ■ We take the the electromagnetic field to be 
a uniform magnetic field, both for calculational reasons and for its possible astrophysical interests. 
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In our study of charged spinning particles, we use the equations given in Ref. |7]. The advantage 
of using these equations instead of the Dixon-Souriau equations is their relative simplicity compared 
with the latter ones. As we will see, we will be able to find analytic solutions to the equations of 
motion without resort to linear approximation. Since the external fields considered here have very small 
amplitudes, we expect the results to have the same physical content as the results of the Dixon-Souriau 
equations. 



2 The Equations of Motion 

The equations describing the motion of a charged spinning particle are as follows 

-j^ = -—R^uXpS'^Px'' + ^F>^pxP + ^S^PD'^F^p, (1) 
Ut 2m m 2m^ 

^_ = (2) 
L>T m 

ipS^"" = 0, (3) 

where Greek indices run over the space-time dimensions, t is an afiine parameter across the particle's 
word-line, x^ is the 4-velocity of the particle, S^" are the components of the spin tensor of the particle, 
F^'^ is the electromagnetic tensor, q and m represent the charge and the mass of the particle respectively, 
and 



DxP _ dif" 



R\x, = d,r:^-d,r:, + Ti^TP,^-r;^TP^,. 

Equation (jSJ is the so called Pirani supplementary condition. A more widely used supplementary 
condition is the so called Tulczyjew supplementary condition which reads 

P^.SP'' = 

in which pP^ is the particle's four-momentum. For spinning particles, the four-momentum and the four- 
velocity are not co-linear in general, but their difference is gauge dependent and may be ignored in most 
practical cases jl8| . By neglecting this difference the Tulczyjew condition reduces to the Pirani condition 
and the Dixon-Souriau equations of motion simplify to the equations 1^ and This simplification 
enables us to find analytic expressions for the trajectories of the particles and their spins without loss 
of physical content. 

The above equations give the components of x^ and SP'^ and hence the trajectory of the particle. 
Also one may convert the spin tensor S*^" into the spin 4-vector 5^ via the relation 

SP = -^eP'^'^^x^S^x (4) 

in which eP"^^^ is the alternating symbol and we adopt ei234 _ This sometimes gives a better insight 
into the physics of the problem. 



3 The Space-Time 

The space-time we are interested in, is a plane gravitational wave of general polarization and harmonic 
profile. We choose {u = t — z,v = t + z,x,y) as our coordinate system and represent them by 1,2,3,4 as 
indices respectively. In these coordinates the metric is given by 

ds^ = —dudv — K{u, X, y)dv? + dx^ -\- dy^, (5) 



2 



where 

and we take 



K{u,x,y)^ /+ {u) {x^ - y2) + 2/x {u)xy 



(6) 



f+{u) = huj'^ sin{iLju) , 
fx{u) ~ huj'^ cos{uju) , 

h being the dimensionless wave amphtude. We assume that a constant magnetic field B is present in this 
space-time and neglect its effect on the space-time. We take the magnetic field parallel to the direction 
of the wave propagation, that is B = Bk and so in terms of F'^'^, the only non vanishing components 
are 

F\ = -F^3 = B. (7) 



4 The Trajectories and Spins 

We are interested in calculating the trajectory and spin evolution of a charged spinning particle in the 
space-time given by the metric (jSJ in the presence of a magnetic field given by {7)). We first set fj, — 1 
in equation to obtain 

dMr) _ „ 

where we choose the following solution 

U = T (8) 

that is we take u to be the proper time along the particle's world-line. Now by setting /i = 1, = 3, 4 
in equation we get 

ar 

where ujq = ^ is the cyclotron frequency. The solution to these equations reads 

S^^ir) = Asm{iJoT + e), (9) 
S^^{t) ^ Acos{ujoT + 9) (10) 

where A, 6 are constant. This means that these spin components depend only on the magnetic field and 
their initial values. Now by setting /i = 3, 4 in equation and using equations jnj and Hl()|l we obtain 



d^xjT) 



dT^ 



hoj sin(a;T)a;(T) — hoj cos{u)T)y{T) 

dy{T) Ahoj'^ ^ 

uJa — ; 1 cos((tJo — + 

dr m 

hup' suv[ijjT)y{T) — hup cos{u]t)x{t) 

dxir) Ahuj"^ ... , ^, 

ujQ — ! sm((a;o - wjr -I- &j. 

dr m 



These can be solved for xi^) = 2;(t) -|- iy{T) resulting in 



x{t) = e-T^ (Pe"'^^ -I- Qe-"'^n -I- i— e^^e"^*'^^ (11) 

m 
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which is vahd for \S — i| < 2h, and 



y(t) ^ Pe*"i"r + Qe^"^"^ + i—e'^e-'^'^^ 

m 

+ iAiPe-^(i+"i)"^ + iA2Qe-*(i+"=)"^ (12) 

vahd for other values of 6 (we assume that h < i). Here, P — Pi + iP2, Q — Qi + iQ2 are constants to 
be determined from x(0),x(0), and 

= — , 

UJ 

a = i\/25 - 2(52 - 1 + 2v/<54 - 2^3 + + ih^, 

-I + V26^ -26+1 + 2VW^S^ + 5^ + 
«i = 2 

-1 + ^26^ -26+1- 2\/F~2(53 + + Ah^ 
"2 = ' 



Ai 



(l + ai)2-(l + ai),5' 

^ _ h 

^ ~ {l + a2)^ -il + a2)S' 

The equation for v{t) may be obtained either by setting fi — 2 in equation Q and solving the resulting 
equation for v, or more directly by integrating the following relation 

v{t) = 1 - K{u,x,y) + (.t(t))2 + (y(T))2 

which in turn is a consequence of the relation i^i^ = — 1. Thus we have 

v{t)^t + J {x^{T)+f{T) + K{u,x,y))dT. (13) 

Let us now return to the equation (0), where for fi = — A we have 

— ^ = Ahw^{x{T) sin((5 - 1)lut + 0) ~ y{T) cos((<5 - 1)lot) + 6). 
dr 

Now by substituting x{t) and yir) into this equation, one may solve it for S^'^(t) to obtain 
S'\r) ^ ^2 + f/_!'i)2 -\)+ ^2«)e"-^ cos((<5 - \)ujt + 6)+ 

{Qi{S - i) - Q2«)e-""" cos{{d - ^)ujT + e) + 
{P2{S - i) - Pia)e""-sin((,5 - ^)u;t + 0) + 
{Q2{S -\) + Qia)e-""^ sin((<5 - i)coT + ( 

^^sin((l-2^)^r)+C (14) 

m(l — 2o) 

valid for |(5 — i| < 2h. For other values of S we have 

S^^(t)= Ahujf — -cos((ai + l-(5)cjr-6')- 

\ai + 1 — 



sin((ai + 1 - 5)uJT - 9) - 

ai + 1 — 

P A 

cos((ai + S)ujT + 0) - 

ai + 

PiAi 

sin((ai + S)ujT + 9) + 

ai + 

i cos((a2 + 1 — S)lut — 6) 



a2 + 1 — (5 



a2 + 1 — (5 
Q2A2 



^ sin((a2 + 1 — 5)ujT — 9) 



a2+ S 
Q1A2 

0,2+5 

A^hio 



cos((q:2 + 5)U1T + 9) 
sin((Q:2 + 5)lot + 9) 



m(l - 25) 



sin((l - 2(5)cjr) +C (15) 



in which C is a constant depending on the initial value of S'^^{t). The other components of S*^" may 
be obtained from equation (|3Jl. They are as follows 

S'\t) = 2x{T)S^\T) + 2y{T)S'\T), (16) 

S^^t) = -2y{T)S^\T)-{i{T) + 2K{u,x,y))S^\T), (17) 

S^\t) = 2x{T)S^\T)~{v{T)+2K{u,x,y))S'\T). (18) 

Finally, making use of the relation Q), we obtain 

S\t) = -S^\T)+x{T)S'HT)-y{T)S'HT), (19) 

S^{t) = 2S^'{t)+v{t)S\t), (20) 

SHr) ^ S'\T)+x{r)S\T), (21) 

SHr) = -S'^r)+yiT)SHr). (22) 

The explicit form of these components is presented in the appendices for some values of 5. 



5 Discussion 

If we set -6 = 0, that is if the magnetic field is absent, we have a spinning particle moving in a 
gravitational wave background. This has been studied extensively in Refs. 2HI-|2S1- For the case of the 
vanishing magnetic field, the equations obtained here reduce to those obtained in Ref. j25| . 

An interesting feature of motion of a charged spinning particle in the external fields considered here 
is that spin-electromagnetic interaction does not affect the particle's trajectory directly, this can be seen 
from the absence of the last term of equation in the subsequent equations for xi^)- However in 
the case that the spin has an initial transverse component, A 0, this interaction affects the spin and 
this in turn affects the trajectory. If the particle has no initial transverse spin components, its spins 
remains unaffected. This can be seen by letting A = in equations ©, H10|) . and (|14|l . (|15|) . Also in this 
case, if the particle is sitting initially at the origin of coordinates, it remains in this coordinate point at 
other times. Another interesting feature of these solutions is that they consist only of oscillatory terms, 
except for the interval ^ — 2h<5<^ + 2h which is narrow for small h. For the values of 6 inside this 
interval, the oscillatory terms are modulated by slowly varying exponential terms e^'"^'^ . For 5 = 1 the 
coefRcients ai, a2 become the same as those obtained in Ref. see the appendices. 
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For an object like an electron (treated classically) moving in a uniform magnetic field of the same 
typical magnitude as that of the earth, and for the gravitational wave frequencies ranging from IHz up 
to W^Hz, the parameter S ranges from an order of magnitude of 10^ down to 10^, and so the effect of the 
gravitational wave is suppressed by the magnetic field. For gravitational waves with frequencies lower 
than IHz, 6 exceeds 10''. For weaker magnetic fields such as cosmological magnetic fields, which could 
be as weak as lO^^^T, this parameter, again for an electron, is of an order of magnitude of 10 ^ 10~^. 
Thus 6 = 1 corresponds to situations such as the case where an electron moves in a weak magnetic 
field (of say, 10~®T) and a gravitational wave of frequency of say W'^Hz. The calculation of relative 
acceleration of charged spinning particles in gravitational waves and magnetic fields will be reported 
elsewhere. 
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A The Case of 6 = ^ 

For (5 = 5 we have 



1/1 1 



a 



+ -Vl + 64/i2 Rj 2h 



2 V 2 2 

and so neglecting /i^ and higher order terms, we obtain 

x{t) = (Pie^''-- + Qie-2''--) cos (^) 



\ 2 J 

UJT\ A 



yir) = {P,e'^-^ + Q^e-'^-^) cos (^) - 

(P,e2W + Q^e-^''-) sin (^^) + ^ cos - f?) , (24) 



1 



(r) = -Aw ((Pisin^- P2cos0)e 



2/lCJT 

^ j-iuj I I /~i ."-ii 1 1 (/ — rn f.i 1/ ir. 

(Q2 cos Q-Qx sin B)e-'^^'^^) r + C. (25) 

m 



If we choose x(0) = x(0) = 0, we obtain 



x{t) = — sin (iwT-e ) (l-cosh(2/iu;T)), (26) 



and hence 



m 

x{t) = — sin(ia;T-6») (l-cosh(2/ia;T)), (27) 
S'^'^ij) = -— (sinh(2/iwT) - 2/iwt) + C, (28) 



42 

5^(t) = -— (sinh(2/ia;r)-2/ia;r)-C, (29) 

S^(t) = -— (sinh(2/iwT) - 2/iwt) + C, (30) 
2m 

S'\t) = Acos{LUT + e), (31) 

S^{t) = -Asm{LJT + e). (32) 



6 



We also have 



S'{t) = hs^ir) - 5^(r)) w ^ (sinh(2/ia;r) - 2/ia;r) + C. 



2m 



(33) 



B The Case of 6 = 1 

For i5 = 1 we have 



-1 + Vl + 4/i 
cti = , a2 



-1 + Vl-4/i 



Ai 



-Ao 



and hence 



X(r) = Pe»«i"^ + jPg-^Cl+aO'^T ^ Qg*a2a;T 

m 

In addition, if we let x(0) = x(0) = 0, we have 

(l + ai)e-'«+iaie^^ 



For small h we have 



x(t) 



and hence 



5i(r) = 
5^(r) = 

S'ir) = 

S\r) = 



We also obtain 



l + 2ai 

^i£:!!+i(i+^i)£^g-i(i+aoc.T 

l + 2ai 
(l + a2)e-'«-za2e^^ . , 



l + 2a2 

aae-'^ - i(l + a2)e'^ 
l + 2a2 

+2ie-*('^^-^)) . 



A/i A 

— (cos^ — cos(tJT + 9) sin^sin(ft,Ci;r), 

TO TO 



Ah A 
yir) = — (— sin0 + sin(a;T + ^)) cos0sin(fta;T), 

TO TO 

(r) = C, 



C H sin 61 (sin(wr + 6*) - cos(wr + 0)) , 



TO 



C H ^ sin 9 (sin(wr + 9)- cos(wr + 9)) 

A , /,^ hCAu , , , . ^, 

Acos(a;T + 6') (sin(a;r -\-9) — sm9) , 

TO 

^ • / /.^ hCAu! / , „s „s 

A sin(u;r + 6') (cos(wr + (J) — cos t^) . 

TO 



^^(r) = ^(S^(r)-5i(r))=C. 



(34) 



(35) 

(36) 

(37) 
(38) 

(39) 
(40) 

(41) 

(42) 

(43) 



which can be used to determine constant C in terms of the spin component along the direction in which 
the wave propagates. 
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